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Abstract
In this paper, we study one kind of vortex equations on complex vector bundles over almost
Hermitian manifolds and prove a Hitchin-Kobayashi type correspondence relating the existence





Given a holomorphic vector bundle over a compact Ka¨hler manifold M , the relation between the
existence of Hermitian-Einstein metrics and the stability condition is by now well understood
due to the work of Narasimhan-Seshadri, Kobayashi, Donaldson, Siu, Uhlenbeck-Yau and others
([13], [10], [11], [4], [15], [16]). The generalization to Higgs bundles can be found in [7] and
[14]. Different to the Higgs bundles, Bradlow [1], [2] considers holomorphic vector bundles on
which additional data in the form of a prescribed holomorphic global section is given. Bradlow




φ⊗ φ∗H + λ
√−1
2
Id = 0, (1.1)
Here FH is the curvature of the metric connection determined by ∂¯E and a Hermitian metric
H, φ is a holomorphic section of E, φ∗H is the adjoint of φ with respect to metric H, and λ is a
real number. This equation generalizes the Hermitian-Yang-Mills equation (which is recovered
by taking φ = 0) and is the analgue of the classical Vortex equation over R2. In [2], Bradlow
had proved the equivalence between the existence of solutions of the above vortex equations and
the φ-stability of holomorphic bundle by minimizing the so-called Donaldson functional.
Recently, de Bartolomeis and Tian ([3]) investigated the stability of complex vector bundles
over almost complex manifolds, they introduced the concept of bundle almost structure (bacs)
J on principal bundles, defined J-stable complex vector bundles, and proved the existence of
Hermitian-Einstein metrics on J-stable complex vector bundle over compact almost Hermitian
regularized manifold. Inspired by this, we want to consider the vortex equations on complex
vector bundle over almost Hermitian manifolds.
Let (M,JM , g) be a compact m-dimensional almost Hermitian manifold. Given a complex
vector bundle (E, Jˆ ) of rank r over M , we consider the principal GL(r, C)-bundle C(E) of
complex linear frames on E, and assign a bundle almost complex structure (bacs) J on C(E)
(which we will introduce in section two). By a proposition in [3](proposition 1.3), we can see
that bacs on C(E) are in one-to-one correspondence with linear differential operators
∂¯E : ∧p,q(E) −→ ∧p,q+1(E)
satisfying ∂¯-Leibnitz rule. We denote the set of the above differential operators by Hˆ(E). When
M is a complex manifolds, we usually consider a holomorphic vector bundle E over M , and we
can define partial differentiation in the (0, 1) direction in a natural way, i.e. the (0, 1) derivative
of a local holomorphic section of E is defined to be zero and the (0, 1) derivative of any smooth
section is defined by expressing it in terms of a local holomorphic basis and using the leibniz
rule of differentiating products. There is no natural way to define partial differentiation in the
(0, 1) direction when M equipped with not necessarily integrable almost complex structure, this
is the reason why we should assign a (bacs) on C(E).
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We will assume that the complex vector bundle E has a fixed bundle almost complex struc-
ture (bacs) J, and assume further that E has a nontrivial J-holomorphic global section φ, i.e.,
φ satisfies
∂¯Eφ = 0 (1.2)
where ∂¯E is the element of Hˆ(E) correspondence with the fixed bacs J. Let H be a Hermitian
metric on E, by [3], we know there exists a unique type (1, 0) Hermitian connection which is
called the canonical Hermitian connection ωH . Usually, FH denotes the curvature form of the
canonical Hermitian connection. We now denote the Ka¨hler form of the base manifold by η, and
let Λ : Ω1,1M → Ω0M be the contraction Λ(θ) = (θ, η). Our goal is to understand the necessary
and sufficient conditions for the existence of solutions of the vortex equation (1.1) on complex
vector bundle E. Our main result is the following.
Main theorem Assume that E is a complex vector bundle over a compact almost Hermitian
regularized manifold M (i.e., whose Ka¨hler form η satisfies ∂∂¯ηm−1 = 0), and assign a bundle
almost complex structure (bacs) J on the principal GL(r, C)-bundle C(E). Let φ be a nontrivial
J-holomorphic section of E and suppose that (E, J, φ) is (J, φ, λ)-stable for a real number λ.
Then there exists a smooth Hermitian metric H such that the vortex equation (1.1) is satisfied,
i.e. √−1ΛF 1,1H +
1
2
φ⊗ φ∗H − 1
2
λId = 0.
The plan of this paper is the following: in Section 2, we discuss the notion of bundle almost
complex structure (bacs), and give some estimates which will be used in the following sections;
in section 3, we give the definition of (J, φ, λ)-stability, and prove that (J, φ, λ)-stability is a
necessary condition for the existence of Hermitian metrics satisfying vortex equation (1.1); in
section 4, we give the proof of our main theorem. The proof of main theorem is by using the
heat equation method, and adapting the techniques which already appear in the literature on
the Hermitian Yang-Mills equation ([5], [14], [3]). Let H0 be a fixed Hermitian metric on E,




H = −2(√−1ΛF 1,1H +
1
2
φ⊗ φ∗H − 1
2
λId). (1.3)
We prove that this evolution equation has a long time solution for any initial metric H0, and
show that the solution converges to a Hermitian metric satisfying the vortex equation (1.1),
unless a flag of weakly J-holomorphic sub-bundles is produced, thanks to the regularity results
in [3], we can show that there must exist one of which contradicts the stability assumption.
3
2 Preliminary Results
Let (M,JM ) be an m-dimensional almost complex manifold. A complex vector bundle (E, Jˆ)
of (complex) rank r over M is a real vector bundle E of rank 2r equipped with a section Jˆ
of End(E) such that Jˆ2 = −IdE . We denote the principal GL(r, C)-bundle of complex linear
frames on E by C(E), thus E can also be seen as an associate bundle with standard fibre
Cr. Firstly, we will introduce the notion of bundle almost complex structure which has been
investigated by de Bartolomeis and Tian in [3].
Definition 2.1 A bundle almost complex structure (bacs) on C(E) is an almost complex
structure J on C(E) such that: (1), the bundle projection pi : C(E) →M is (J, JM )-holomorphic;
(2), J induces the standard integrable almost complex structure JS on the fibres; (3), GL(r, C)
acts J-holomorphically on C(E).
B(C(E)) will denote the set of bacs on C(E). We can define
Tp,q(C(E)) = L−1(∧p,q(E)), (2.1)
where L : T∗(C(E)) → ∧∗(E) is the standard isomorphism between tensorial C r-valued forms
on C(E) and E-valued forms on M([9]), therefore we have
Tn(C(E)) = ⊗p+q=nTp,q(C(E)). (2.2)
It is easy to check that, if a bacs is assigned on C(E), then (2.2) corresponds precisely to the
induced decomposition.
Let Hˆ(C(E)) be the set of all linear differential operators
∂¯C(E) : T
p,q(C(E)) → Tp,q+1(C(E))
satisfying the following ∂¯-Leibnitz rule: for every f ∈ C∞(M), α ∈ Tp,q(C(E))
∂¯C(E)pi
∗(f)α = pi∗(∂¯Mf) ∧ α+ pi∗(f)∂¯C(E)α.
one can check that the map J 7→ ∂¯J is a bijection between B(C(E)) and Hˆ(C(E)) ([3], proposition
1.3). On the other hand, Hˆ(C(E)) is also in one-to-one correspondence with the set Hˆ(E) of
linear differential operators ∂¯E : ∧p,q(E) → ∧p,q+1(E), satisfying the following ∂¯-Leibnitz rule:
for every f ∈ C∞(M), α ∈ ∧p,q(E)
∂¯Epi
∗(f)α = ∂¯Mf ∧ α+ f ∂¯Eα.
This correspondence is obviously given by ∂¯E = L · ∂¯C(E) ·L−1. If a bacs J is assigned on C(E),
one can define a linear differential operator ∂¯E : ∧p,q(E) → ∧p,q+1(E) in natural way, in fact,
∂¯E = L · ∂¯J · L−1.
4
Proposition 2.2 ([3]) The set B(C(E)) is in one-to-one correspondence with the set Hˆ(E).
Definition 2.3 Let J ∈ B(C(E)). Then a section e of E is said to be J-holomorphic if it
satisfies ∂¯Ee = 0, where the differential operator ∂¯E is correspondence with J; this is equivalence
to say that, if ξ = L−1(e) ∈ T0(C(E)), then ∂¯Jξ = 0.
Definition 2.4 Let J ∈ B(C(E)). Then a complex sub-bundle E ′ ⊂ E is said to be a
J-holomorphic subbundle if ∂¯E maps ∧p,q(E′) into ∧p,q+1(E′).
Definition 2.5 Let J ∈ B(C(E)). A connection will be called type(1, 0), if it’s connection
1-forms on C(E) satisfies: ω ∈ T1,0(C(E), gl(r, C), ad).
Let C1,0J (C(E)) be the set of all connection 1-forms in C(E) which are of type(1, 0) with
respect to J. Given an ω ∈ C1,0J (C(E)), it is easy to check that Dω : T
0(C(E)) → T1(C(E))
splits as Dω = ∂ω + ∂¯J, also we have the splitting ∇ = ∂∇+ ∂¯E of the induced exterior covariant
differential operator; and the (1, 1) part of curvature form is F 1,1ω = ∂¯Jω ([3] Proposition1.8;
1.9).
Assume a Hermitian metric H is assigned on E and let UH(E) be the principal U(r)-bundle
of H-unitary frames on E, we have the following result:
Proposition 2.6 ([3]; proposition 2.1) There exists a unique connection on UH(E) such
that it’s connection 1-form, when extended to a connection form on C(E) is of type (1, 0) with
respect to J ∈ B(C(E)); this connection is called the canonical Hermitian connection.
Let Hˆ : C(E) → GL(r, C) be defined as following: If u = {e1, . . . er, Jˆe1, . . . , Jˆer}, then
Hˆ(u) = (H(ej , ek)− iH(ej , Jˆek))1≤j,k≤r. Set
ωH = Hˆ
−1∂JHˆ, (2.3)
it is just the canonical Hermitian connection 1-form correspondence with the metric structure
H. Let K be another Hermitian structure on E and let h = H−1K, it is easy to check that:
ωK = ωH + h
−1∂ωHh. (2.4)





We now suppose that the almost complex manifold M has a fixed Hermitian metric, with
Ka¨hler form η. The natural operator Λ : Ω1,1M → Ω0M is the contraction with η.







, α, β = 1, . . . , 2m.
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at the considered point p0. Let 4˜ = −2






(gαβ) is the inverse matrix of the metric matrix in local coordinates. From the above equality,
we have
4˜f = 4f + 〈V,∇f〉, (2.7)
for any f ∈ C2(M).
In the following parts, we will assume that complex vector bundle E has a fixed bundle
almost complex structure (bacs) J, and φ be a nontrivial J-holomorphic section of E, then we
consider the following generalized Yang-Mills-Higgs functional.
Definition 2.7 We define the generalized Yang-Mills-Higgs functional
YMHλ : A(H)× Ω0(M,E) → R
by
YMHλ(A,φ) = ‖FA‖2L2 + ‖DAφ‖2L2 +
1
4
‖φ⊗ φ∗ − λId‖2L2 . (2.8)
Here, using the Hermitian metric H on E we get identifications E ≈ E∗ and also E ⊗ E∗ ≈
End(E), A(H) denote connections on E that are compatible with H, φ∗ is the adjoint of φ taken
with respect to H and λ is a real parameter.
We have the following decomposition result for the above Yang-Mills-Higgs functional (also [2]).
Proposition 2.8 Suppose that the Ka¨hler form η satisfies dηn−1 = 0, then the functional
YMHλ : A(H)× Ω0(M,E) → R can be written as
YMHλ(A,φ) = 4‖F 0,2A ‖2L2 + 2‖∂¯Aφ‖2L2 + ‖




√−1Tr(FA) ∧ η[n−1] +
∫
M Tr(FA ∧ FA) ∧ η[n−2].
(2.9)




A is the component of FA of type (0, 2).
If M is an almost Ka¨hler manifold (i.e. dη = 0), the last two terms in (2.9) do not depend
on the connection A. By Chern-Weil theorem, we known that they are determined by the
first Chern class and second Chern character of E respectively. An immediate corollary is the
following.
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Corollary 2.9 When M is an almost Ka¨hler manifold, the functional YMHλ is bounded
below by
2piλC1(E,ω)− 8pi2Ch2(E,ω),
and this lower bounded is attained at (A,φ) ∈ A(H)× Ω0(M,E) if and only if
F
0,2
A = 0, (2.10)




φ⊗ φ∗ = λ
2
Id. (2.12)
The third equation generalizes the Hermitian-Yang-Mills equation (which is recovered by
taking φ = 0) and is the analgue of the classical Vortex equation over R2. For this reasons we
call the equation (2.12) the Hermitian Yang-Mills-Higgs or the Vortex equation.




φ⊗ φ∗H + λ
√−1
2
Id = 0 (2.13)
where FH is the curvature form of the canonical metric connection ωH . Let H0 be a Hermitian
metric on E. Consider a family of Hermitian metric H(t) on E with initial metric H(0) = H0.
Denote by ωH(t) and FH(t) the corresponding canonical metric connections and curvature forms,
denote h(t) = H−10 H(t). When there is no confusion, we will omit the parameter t and simply

















where ∂0 = ∂H0 . We know that the above equation is a nonlinear parabolic equation, as in [4],
h(t) are self adjoint with respect to H0 for t > 0 since h(0) = Id. Discussing like that in [3], we
have











λId|2H ≤ 0. (2.16)
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Proof. By calculating directly, we have
∂
∂t









= −2√−1Λ∂¯E(∂H(ΛF 1,1H −
√−1




For simplicity, we denote ΛF 1,1H −
√−1
2 φ⊗ φ∗H +
√−1
2 λId = θ. By calculating directly, we have
4˜|θ|2H = −2
√−1Λ∂¯∂{trθH−1θ¯tH}






= 2Re〈−2√−1Λ∂¯∂Hθ, θ〉H +Re〈[2
√−1ΛF 1,1H , θ], θ〉H + 2|∂Hθ|2H + 2|∂¯Eθ|2H .
(2.18)
On the other hand, it is easy to check the following formula,
Re〈ΛF 1,1H φ⊗ φ∗H + φ⊗ φ∗HΛF 1,1H ,ΛFH〉H = 2|ΛFHφ|2H ,
Re〈ΛF 1,1H φ⊗ φ∗H + φ⊗ φ∗HΛF 1,1H ,−
√−1
2 (φ⊗ φ∗H − λId)〉H
= (|φ|2 − λ)Re〈−√−1φ,ΛF 1,1H φ〉H ,
Re〈√−1φ⊗ φ∗H(λId− φ⊗ φ∗H),ΛF 1,1H 〉H = (|φ|2 − λ)Re〈−
√−1φ,ΛF 1,1H φ〉H ,
Re〈√−1φ⊗ φ∗H(λId− φ⊗ φ∗H),
√−1
2
(λId− φ⊗ φ∗H)〉H = 1
2
|φ|2H(λ− |φ|2H)2.





2 φ⊗ φ∗H +
√−1λ
2 Id|2H
= 2|∇H(ΛF 1,1H −
√−1
2 φ⊗ φ∗H +
√−1λ
2 Id)|2H + 12 | −
√−1(|φ|2 − λ)φ+ 2ΛF 1,1H φ|2H
≥ 0.
2
Proposition 2.11 Let H(t) be a solution of heat flow (2.14) on M × [0, T ), φ be a J-




− 4˜)|φ|2H = (λ− |φ|2H)|φ|2H − 2|∂Hφ|2H . (2.19)
Proof. By calculating directly, we have
∂
∂t
|φ|2H = ∂∂t〈φ⊗ φ∗H , Id〉H
= 〈φ⊗ φ∗Hh−1 ∂h
∂t
, Id〉H + 〈φ⊗ φ∗H(2
√−1ΛF 1,1H ), Id〉H
−〈(2√−1ΛF 1,1H )φ⊗ φ∗H , Id〉H
= 〈φ⊗ φ∗H(−φ⊗ φ∗H + λId)− 2√−1ΛF 1,1H φ⊗ φ∗H , Id〉H
and
4˜|φ|2H = 2|∂Hφ|2H − 2〈
√−1ΛF 1,1H φ, φ〉H ,
8
where we have used ∂¯Eφ = 0. From above equalities we have
( ∂
∂t
− 4˜)|φ|2H = −2|∂Hφ|2 + 〈φ⊗ φ∗H(−φ⊗ φ∗H + λId), Id〉H
= −2|∂Hφ|2 + (λ− |φ|2H)|φ|2H .
2
Next, we will introduce the Donaldson’s ”distance” on the space of Hermitian metrics as
follows.
Definition 2.12 For any two Hermitian metrics H, K on bundle E set
σ(H,K) = TrH−1K + TrK−1H − 2rankE. (2.20)
It is obviously that σ(H,K) ≥ 0 with equality if and only if H = K. The function σ is
not quite a metric but it serves almost equally well in our problem. In particular, a sequence
of metrics Hi converges to H in the usual C
0 topology if and only if SupMσ(Hi,H) −→ 0.
Denoting h = K−1H, applying −√−1Λ to (2.5) and taking the trace in the bundle E, we have
Tr(
√−1h(ΛFH − ΛFK)) = −1
2
4˜Trh+ Tr(−√−1Λ∂¯Ehh−1∂Kh). (2.21)
Let H(t), K(t) be two solutions of Heat flow (2.14), Using the above formula, we have
(4˜ − ∂
∂t




)Trh−1(t) = 2Tr(−√−1Λ∂¯Eh−1h∂Kh−1) + Tr(h−1φ⊗ φ∗K − h−1φ⊗ φ∗H). (2.23)
Let {ei} be unitary basis with respect to metric K at the point under consideration, and suppose
that h(ei) = λiei.
Tr(hφ⊗ φ∗H − hφ⊗ φ∗K + h−1φ⊗ φ∗K − h−1φ⊗ φ∗H)
= Tr((h− h−1)φ⊗ φ∗K(h− Id))
=
∑r
i=1〈(h − h−1)φ⊗ φ∗K(h− Id)(ei), ei〉
=
∑r
i=1(λi − 1)(λi − λ−1i )|〈φ, ei〉K |2
=
∑r
i=1(λi − 1)2(λi + 1)(λi)−1|〈φ, ei〉K |2
≥ 0.
(2.24)
Using the above formula and the facts([4], [15])
Tr(−√−1Λ∂¯Ehh−1∂Kh) ≥ 0, T r(−
√−1Λ∂¯Ekk−1∂Hk) ≥ 0, (2.25)





= 2Tr(−√−1Λ∂¯Ehh−1∂Kh) + 2Tr(−
√−1Λ∂¯Eh−1h∂Hh−1)
+Tr(hφ⊗ φ∗H − hφ⊗ φ∗K + h−1φ⊗ φ∗K − h−1φ⊗ φ∗H)
≥ 0.
So we have proved the following proposition.
Proposition 2.13 Let H(t), K(t) be two solutions of heat flow (2.14), then
(4˜ − ∂
∂t
)σ(H(t),K(t)) ≥ 0. (2.26)
Corollary 2.14 Let H and K be two Hermitian metrics satisfy the Vortex equation (2.13),
then σ(H,K) satisfies:
4˜σ(H,K) ≥ 0. (2.27)




) lg{Tr(H−10 H) + Tr(H−1H0)} ≥ −|2
√−1ΛFH0 + φ⊗ φ∗H0 − λId|H0 . (2.28)








)Trh−1 = −Tr(2√−1h−1ΛFH0 + φ⊗ φ∗Hh−1 − λh−1)
+2Tr(−√−1Λ∂¯Eh−1h∂Hh−1). (2.30)
Direct calculation shows that ([15])
2(Trh)−1Tr(−√−1Λ∂¯Ehh−1∂0h)− (Trh)−2|∇Trh|2 ≥ 0,
2(Trh−1)−1Tr(−√−1Λ∂¯Eh−1h∂Hh−1)− (Trh−1)−2|∇Trh−1|2 ≥ 0. (2.31)
From above two inequalities, it is easy to check
(Trh+ Trh−1)−1{−2√−1Λ∂¯Ehh−1∂0h− 2
√−1Λ∂¯Eh−1h∂Hh−1}





= (Trh+ Trh−1)−1(4˜ − ∂
∂t
){Trh+ Trh−1} − (Trh+ Trh−1)−2|∇Trh+∇Trh−1|2
= (Trh+ Trh−1)−1Tr(2
√−1hΛFH0 + hφ⊗ φ∗H0 − λh)
−(Trh+ Trh−1)−1Tr(2√−1h−1ΛFH0 + φ⊗ φ∗H0h−1 − λh−1)




≥ −|2√−1ΛFH0 + φ⊗ φ∗H0 − λId|H0
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where we have used formula (2.24) and (2.32).
Using (2.21), (2.31), (2.32), and discussing like that in the above proposition, we have
Proposition 2.16 Let H(x) and H0(x) are two Hermitian metric, then
4˜ lg{TrH−10 H + TrH−1H0} ≥ −|2
√−1ΛFH0 + φ⊗ φ∗H0 − λId|H0
−|2√−1ΛFH + φ⊗ φ∗H − λId|H . (2.33)
Corollary 2.17 Let H be an Hermitian metric satisfying the Vortex equation (2.13), and
H0 be a fixed Hermitian metric, then
4˜ lg{Tr(H−10 H) + Tr(H−1H0)} ≥ −|2
√−1ΛFH0 + φ⊗ φ∗H0 − λId|H0 . (2.34)
At the end of this section, we use the Moser-iteration to deduce the following mean-value
inequality which will be used in the proof of main theorem. The major geometric-analytic
property of M which we are going to use is the Sobolev inequality on geodesic ball BR. Namely,













Theorem 2.18 Suppose that nonnegative function f satisfies
4˜f ≥ −B1f, (2.36)
where B1 is a positive constant. Let p > 0, then there exist constant B2 depending only on B1,











Proof. Setting 0 < r2 < r1 ≤ R, and let ϕ be the cut-off function
ϕ(x) =
{
1; x ∈ B(r2)
0; x ∈ B(R) \ B(r1) (2.38)
0 ≤ ϕ(x) ≤ 1 and |∇ϕ| ≤ 2(r1 − r2)−1.
Let q ≥ p > 1. Multiplying f q−1ϕ2 on both side of (2.36) and integrating by parts we have







Using Schwartz inequality and Young inequality, we have∫
B(R)






















Then, the standard Moser-iteration argument deduce (2.37) for p > 2. On the other hand a
general argument in [12] (or [17, proposition 2.2]) shows that p > 0 case follows from p > 2.
2
Corollary 2.19 If nonnegative function f satisfies
4˜f ≥ −B3 (2.42)
then there exists positive constants B4, B5 depending only on M and B3 such that
‖f‖∞ ≤ B4(‖f‖1 +B5). (2.43)
Proof. Let f ′ = f + B3, then we have 4˜f ′ ≥ −f ′. Applying the mean value inequality
(2.37) to f ′, we can easily conclude the inequality (2.43).
2
3 (J, φ, λ)-stability of complex vector bundle
Let (M,JM , g) be a compact m-dimensional almost Hermitian manifold whose Ka¨hler form η
satisfies ∂M ∂¯Mη
m−1 = 0, and (E, Jˆ) be a complex vector bundle of rank r over M . We assume
that complex vector bundle E has a fixed bundle almost complex structure (bacs) J, and assume
further that E has a nontrivial J-holomorphic global section φ, i.e., φ satisfies ∂¯Eφ = 0. Let H








From the condition of Ka¨hler form, we know that the above definition is independent of Her-
mitian metrics H. Let E ′ ⊂ E be a complex subbundle, using the Hermitian Codazzi-Mainardi
equation, we have the following proposition ([3], proposition 2.4):
Proposition 3.1 Let (E, Jˆ ,H) be a Hermitian bundle, let E ′ ⊂ E be a complex subbundle,
and let J ∈ B(C(E)). Then the following facts are equivalent:
12
(1), E′ is a J-holomorphic subbundle;
(2), the orthogonal projection pi : E −→ E ′ satisfies
(Id− pi) ◦ ∂¯E∗⊗Epi = 0. (3.2)
For further consideration, let us introduce the following class of objects F(J) ([3]): E ′ ∈ F(J)
if and only if
(1), there exists a closed subset Σ ⊂ M with H2m−4(Σ) < +∞, such that E ′|M\Σ is a
J-holomorphic subbundle of E|M\Σ;
(2), for any x ∈ Σ, and any local JM -holomorphic curve C through x not contained in Σ,
E′|C−{x} extends to C as subbundle
where Hs denote the s-dimensional Hausdorff measure. If E
′ ∈ F(J), it is easy to see that the








√−1TrpiΛF 1,1H − |∂¯E∗⊗Epi|2)η[m], (3.3)





where H is any Hermitian metric on E. By Codazzi-Mainardi equations, if E ′ is regular, it is
easy to check that this definition coincides with the one given in (3.1).
Definition 3.2 Let (E, J, φ) be a complex vector bundle with a fixed bundle almost complex
structure J and a nontrivial J-holomorphic section φ. Given a real number λ, we say that E is
(J, φ, λ)-stable if the following two conditions hold:






4pi , for every E
′ ∈ F(J) with 0 < rankE ′ = r′ < r such that φ ∈ E ′
almost everywhere.
Next, we will show that the (J, φ, λ)-stability is the necessary condition for the existence of
solutions of the Vortex equation (2.13). In fact, we prove the following theorem.
Theorem 3.3 Let (M,JM , g) be a compact m-dimensional almost Hermitian manifold
whose Ka¨hler form η satisfies ∂M ∂¯Mη
m−1 = 0, and (E, Jˆ) be a complex vector bundle of rank
r over M . Let J ∈ B(C(E)) be a fixed bundle almost complex structure, and φ be a nontrivial
J-holomorphic global section of E. Suppose that for a given real number λ > 0, there exists a




φ⊗ φ∗H − 1
2
λId = 0. (3.5)
13
Then either
(a), (E, J, φ) is (J, φ, λ)-stable,
or
(b), the bundle splits as E = Eφ ⊗E′ into a direct sum of J-holomorphic subbundles, one of
which contains the section φ.
Proof: Let E ′ ∈ F(J) with 0 < rankE ′ = r′ < r, and let pi be the corresponding section of




√−1TrpiΛF 1,1H − |∂¯pi|2)η[m]
= − 14pi
∫
M |piφ|2H − 12pi
∫



















M |piφ|2H are both zero. In the
latter case, we know that pi satisfying DHpi = 0, so pi is global regular and E splits E = E
′⊗E⊥
J-holomorphically and φ is a section on E⊥.
If φ ∈ E′ almost everywhere, directly calculating, we have
rµ(E)− r′µ(E)












4pi , or E splits E = E
′⊗E⊥. So we have proved this theorem.
2
4 Proof of main theorem
In this section we will give a proof of main theorem using the heat equation method. Let
(M,JM , g) be a compact m-dimensional almost Hermitian manifold whose ka¨hler form η satisfies
∂M ∂¯Mη
m−1 = 0, and (E, Jˆ) be a complex vector bundle of rank r over M . We assume that
complex vector bundle E has a fixed bundle almost complex structure (bacs) J, and assume
further that E has a nontrivial J-holomorphic global section φ. Let H0 be the initial Hermitian
metric on E, then we consider the following evolution equation{
H−1 d
dt
H = −2(√−1ΛF 1,1H + 12φ⊗ φ∗H − 12λId)
H(t)|t=0 = H0. (4.1)
Firstly, we will prove that the above equation has a long-time solution; nextly, under the as-
sumption of stability, we will show that the solution converge to a Hermitian metric which we
need. The main points in the discussion are similar with that in [3].
From formula (2.15), we know that the above equation is a nonlinear strictly parabolic
equation, so standard parabolic theory gives the short-time existence.
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Proposition 4.1 For sufficiently small  > 0, the equation (4.1) have a smooth solution
defined for 0 ≤ t < .
Let H(t) be a solution of the evolution equation (4.1), and h(t) = H−10 H(t), then
| ∂
∂t












≤ 2|ΛF 1,1H −
√−1







(lg Trh−1)| ≤ 2|ΛF 1,1H −
√−1
2




Theorem 4.2 Suppose that a smooth solution Ht to the evolution equation (4.1) is defined
for 0 ≤ t < T . Then Ht converge in C0 to some continuous non-degenerate metric HT as
t→ T .








for all t, t′ > T − δ. This implies that Ht are uniformly Cauchy sequence and converge to a
continuous limiting metric HT . On the other hand, by proposition 2.10, we know that |ΛF 1,1H −√−1
2 φ⊗φ∗H + λ
√−1
2 Id|H are bounded uniformly. Using formula (4.2) and (4.3), one can conclude
that σ(H,H0) are bounded uniformly, therefore H(T ) is a non-degenerate metric.
2
Discussing like that in [4; Lemma 19] or [8; Lemma 4.3.2], one can easily prove the following
lemma.
Lemma 4.3 Let H(t), 0 ≤ t < T , be any one-parameter family of Hermitian metrics on
complex vector bundle E over almost Hermitian manifold M . If H(t) converges in C 0 topology
to some continuous metric HT as t → T , and if supM |ΛF 1,1H | is bounded uniformly in t, then
H(t) are bounded in C1,α (for 0 < α < 1) and also bounded in Lp2 (for any 1 < p <∞) uniformly
in t.
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Theorem 4.4 Given any initial Hermitian metric H0, then the evolution equation (4.1)
has a unique solution H(t) which exists for 0 ≤ t <∞.
Proof. Proposition 4.1 guarantees that a solution exists for a short time. Suppose that the
solution H(t) exists for 0 ≤ t < T . By theorem 4.2, H(t) converges in C 0 to a non-degenerate
continuous limit metric H(T ) as t→ t. From proposition 2.10 and the maximum principle, we




2 Id|H is bounded independently of t. Moreover, from




− 4˜)|φ|2H ≤ (λ− |φ|2H)|φ|2H .
Assume that |φ|2H attains its maximum on M × [0, T ) at the point (x0, t0) with 0 < t0 < T ,




− 4˜)|φ|2H (x0, t0) < 0.
This is contradicted with the maximum principle of the heat operator. Then |φ|2H must attain
its maximum point at t = 0. So we have
|φ|2H ≤ max{sup
M
|φ|2H0 , λ}. (4.4)
Moreover, supM |ΛF 1,1H |2H0 is bounded independently of t. Hence by lemma 4.3, H(t) are bounded
in C1 and also bounded in Lp2 (for any 1 < p < ∞) uniformly in t. Since the evolution (2.15)
is quadratic in the first derivative of h we can apply Hamilton’s method [6] to deduce that
H(t) → H(T ) in C∞, and the solution can be continued past T . Then the evolution equation
(4.1) has a solution H(t) define for all time.





and σ(H,K)|t=0 = 0. By the maximum principle, we have
σ(H(t),K(t)) ≡ 0, i.e.H(t) ≡ K(t).
So we have proved the the uniqueness of the solution.
2
Next, we will use the stability and discuss like that in [3] to deduce the existence of special
Hermitian metric which we need. We need to introduce some further machineries. ([2], [3])
Let J ∈ B(C(E)), and H be a fixed Hermitian metric on E. Let
SH(E) = {s ∈ Ω0(M,End(E))| s∗H = s}.
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Given ϕ ∈ C∞(R,R) and s ∈ SH(E). We define ϕ(s) as follows. At each point x on M , chose
{ei}ri=1 be an unitary basis with respect to metric H, such that s(ei) = λiei. Set:
ϕ(s)(ei) = ϕ(λi)ei. (4.5)
Given Φ ∈ C∞(R × R,R), s ∈ SH(E), p ∈ Ω0(M,End(E)). In a similar way, we define












i ⊗ ej . (4.6)




x−y , ifx 6= y;
ϕ′(x), ifx = y.
For any s ∈ SH(E), it is easy to check that
δϕ[s](∂¯Es) = ∂¯Eϕ(s). (4.7)








Let φ be a prescribed section of E and let λ be a real number. We define a real value
functional as follows:
Vφ,λ,H(s) = VH(s) +
∫
M







where H and K are Hermitian metrics on E.
Lemma 4.5 (1), Given r ∈ SH(E) and s ∈ SHer(E), we have:
Vφ,λ,H(log e
res) = Vφ,λ,H(r) + Vφ,λ,Her(s); (4.11)
equivalently, if H1, H2, H3 are three Hermitian metrics on E, then
Mφ,λ(H1,H3) = Mφ,λ(H1,H2) +Mφ,λ(H2,H3). (4.12)
(2), Let H(t) = H0h(t) = H0e









√−1ΛF 1,1H + φ⊗ φ∗ − λId〉H . (4.13)
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Proof. (1), It is easy to check that
〈(eres − Id)φ, φ〉H = 〈(er − Id)φ, φ〉H + 〈(es − Id)φ, φ〉Her , (4.14)
and
Tr(log eres) = Tr(r) + Tr(s). (4.15)
On the other hand, the functional VH satisfies the formula (4.11) ([3], lemma 3.6), and so Vφ,λ,H
clearly does too.
(2), Using formula (4.12), we only need to compute d
dt




Mφ,λ(H0,H(t))|t=t0 = ddlMφ,λ(H0,H(t0 + l))|l=0
= d
dl
Mφ,λ(Ht0 ,H(t0 + l))|l=0,
=
∫
M 〈H−1 dHdt , 2
√−1ΛF 1,1H + φ⊗ φ∗ − λId〉H |t=t0 .
2
For further argument, we need the following proposition.
Proposition 4.6 ([3]; Theorem 0.2) Let (M,JM , g), (N, JN , h) be two almost Hermitian
manifolds with dimRM = 2m, and assume there exists a bounded closed 2-form α on N such
that α1,1 > 0 uniformly. Let σ : M −→ N be a L21-weakly (JM , JN )-holomorphic map. Then
there exists a closed subset Σ ⊂ M with H2m−4(Σ) < +∞, such that σ is smooth on M \ Σ;
moreover, for any x ∈ Σ, any local JM -holomorphic curve C through x not contained in Σ,
σ|C−{x} extends smoothly to C.
Proof of main theorem: Let H(t) = H0h(t) = H0e
s(t) be a solution of equation (4.1). By
proposition 2.10, we known that supM |2
√−1ΛF 1,1H +φ⊗φ∗H−λId|H is bounded independently
of t. From proposition 2.16, we have
4˜ lg{Trh+ Trh−1} ≥ −|2√−1ΛFH0 + φ⊗ φ∗H0 − λId|H0
−|2√−1ΛFH + φ⊗ φ∗H − λId|H . (4.16)
Using Corollary 2.19, there exists two constants C0 and C1 such that
‖ lg{Trh+ Trh−1}‖∞ ≤ C1(
∫
M
lg{Trh+ Trh−1}+ C0). (4.17)
On the other hand, one can check that
lg{ 1
2r
(Trh+ Trh−1)} ≤ |s|H0 = |s|H ≤ r−
1
2 lg(Trh+ Trh−1). (4.18)
So there exist constants C2 > 0, C3 > 0 such that, for every t ∈ [0,+∞), we have:
‖s(t)‖∞ ≤ C2 + C3‖s(t)‖1. (4.19)
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Now, there are two possibilities:
(1), There exists C4 > 0 such that, for every t ∈ [0,+∞),
‖s(t)‖∞ < C4.
(2), lim supt→∞ ‖s(t)‖1 = +∞.
Assume we are in case (1). Using the condition ∂M ∂¯Mη





M 〈Ψ[s](∂¯Es), ∂¯Es〉Hη[m] −
√−1 ∫M TrsH−1Φ[s](∂Hs)TH ∧ ∂ηm−1
=
∫
M 〈Ψ[s](∂¯Es), ∂¯Es〉Hη[m] − 12





where Ψ(x, y) = Φ(y, x) = e
x−y−(x−y)−1









M (|φ|2H − |φ|2H0).
(4.21)
From ‖s(t)‖∞ < C4 for every t ∈ [0,+∞), it follows that Ψ ≥ C5 > 0 on the range of the s(t)’s;
so that ∫
M
〈Ψ[s](∂¯Es), ∂¯Es〉Hη[m] ≥ C5‖∂¯Es‖22. (4.22)
On the other hand, from theorem 4.4, we known that |φ|H(t) is bounded uniformly. Therefore,
there exists C6 > 0 such that, for every t ∈ [0,+∞)
Mφ,λ(H0,H(t)) ≥ −C6. (4.23)






|2√−1ΛF 1,1H + φ⊗ φ∗H − λId|2H . (4.24)
By (4.21), (4.22), we known that ‖∂¯Es‖2 and also ‖∂¯Eh‖2 are uniformly bounded. Thus it
follows that, there exits a subsequences tj → +∞, such that h(tj) weakly converges to h∞ in
L21. By (4.23) and (4.24), we known that 2
√−1ΛF 1,1
H(j) + φ⊗ φ∗H(j) − λId weakly converges to
0 in L2. Then, Lemma 4.3 and the standard elliptic regularity implies that h∞ is smooth and
H∞ = H0h∞ satisfies the vortex equation (2.13).
Assume, from now on, we are in case (2). In particular, we can choose a sequence {tj}∞j=1
such that: tj →∞ and ‖s(tj)‖1 →∞. Let lj = ‖s(tj)‖1 and uj = l−1j s(tj), then
‖uj‖1 = 1 and ‖uj‖∞ ≤ C7 (4.25)
where C7 is a positive constant.
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From
lj〈Ψ[ljuj](∂¯Euj), ∂¯Euj〉 ≥ 〈Ψ[uj ](∂¯Euj), ∂¯Euj〉 (4.26)
and (4.21) (4.24), it follows that∫
M
〈Ψ[uj ](∂¯Euj), ∂¯Euj〉η[m] ≤ C8.
Since Ψ ≥ C > 0 on the range of the uj ’s, we obtain
‖∂¯Euj‖ ≤ C9. (4.27)
Then, passing to a subsequence, uj converges weakly to u∞ in L21; clearly, u∞ is nontrivial.
Moreover,∫
M 〈u∞, 2





M 〈uj , 2
√−1ΛF 1,1H0 − λId〉+ 2
∫
M 〈Ψ[uj ](∂¯Euj), ∂¯Euj〉)
≤ limj→∞ l−1j {
∫
M 〈s(j), 2





M (|φ|2H(j) − |φ|2H0)}
≤ limj→∞ l−1j Mφ,λ(H0,H(tj)) = 0.
(4.28)
In the same manner, if Θ ∈ C∞(R×R,R) satisfies Θ(x, y) ≤ (x− y)−1, whenever x > y, then∫
M
〈u∞, 2
√−1ΛF 1,1H0 − λId〉+ 2
∫
M
〈Θ[u∞](∂¯Eu∞), ∂¯Eu∞〉 ≤ 0. (4.29)
For any smooth function f : R→ R, by formula (4.7), we have
∂¯T rf(u∞) = Tr(δf [u∞](∂¯Eu∞)).
For any number N , we can find a smooth function f˜ : R×R→ R such that: f˜(x, x) = δf(x, x);
and Nf˜2(x, y) ≤ (x− y)−1 whenever x > y. Then









Since this holds for all N > 0, and Tr(f(u∞)) is real valued, we get that Tr(f(u∞)) is constant
almost everywhere. This implies that the eigenvalues of u∞ are constant almost everywhere, so
we have proved the following lemma.
Lemma 4.7 The eigenvalues of u∞ are constant almost everywhere.
Let λ1, . . . , λl denote the distinct eigenvalues of the u∞, listed in ascending order. For j < l
define pj : R→ R to be a smooth positive function such that
pj(x) =
{
1. ifx ≤ λj,
0 ifx ≥ λj+1 (4.31)
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Define
pij = pj(u∞). (4.32)
The same argument in [2; position 3.10.2] or [3; proposition 4.6] can deduce the following
proposition.
Proposition 4.8 Let pij be as above for j ≤ l. Then
(1), pij ∈ L21(SH0(E));
(2), pi2j = pij = pi
∗H0
j ;
(3), (Id− pij)∂¯E∗⊗E(pij) = 0 almost everywhere;
Furthermore, if λq ≤ 0 < λq+1, i.e. λq is the largest non-positive eigenvalue, then
(4), ‖(Id − piq)φ‖22 = 0 and
(5), not all the eigenvalues of u∞ are positive.
From the above proposition, we known that pij ’s are L
2
1-weakly J-holomorphic subbundles
and correspond to L21-weakly J -holomorphic maps from (M,JM , g) to some Grassmann bundle
Grp(E). If U ⊂ M is a sufficiently small domain, then pi−1Gr can be equipped with a tamed
Symplectic structure just by approximating the standard Ka¨hler structure on U × Grp(Cr).
Therefore proposition 4.6 implies that pij ∈ F(J).




(λj+1 − λj)pij, (4.33)
where λˆ = λ4piV ol(M), and denote
Q(λˆ) = rank(E)λl(µ(E)− λˆ)−
l−1∑
j=1





















j=1(λj+1 − λj)(δpj)2(x, y) ≤ (x− y)−1 for x > y, it follows by (4.29) that
Q(λˆ) ≤ 0. (4.36)
On the other hand, (J, φ, λ)-stability deduce thatQ(λˆ) > 0, so these conclude a contradiction.
In fact, by proposition 4.8, q ≥ 1, where λq is the largest non-positive eigenvalue of u∞. So
there are two cases to consider.
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(a). Suppose q = l, i.e., all the eigenvalues are non-positive. In this case, we have that
µ(E)− λˆ < 0 and µ(pij)− λˆ < 0 for j = 1, . . . , l − 1. It follows immediately that
Q(λˆ) = rank(E)λl(µ(E)− λˆ)−
l−1∑
j=1
(λj+1 − λj)rank(pij)(µ(pij)− λˆ) > 0,
where we have used the fact that u∞ is nontrivial.
(b). Suppose that q < l. By proposition 4.8, we have φ ∈ Im(piq), and also φ ∈ Im(pij) for
j ≥ q. The stability implies that
−rank(pij)(µ(pij)− λˆ) > −rank(E)(µ(E)− λˆ),
for q ≤ j < l. Thus
Q(λˆ) = rank(E)λl(µ(E)− λˆ)−
∑l−1
j=1(λj+1 − λj)rank(pij)(µ(pij)− λˆ)
> λqr(µ(E)− λˆ)−
∑q−1
j=1(λj+1 − λj)rank(pij)(µ(pij)− λˆ)
> 0.
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